NORMAL FORMS OF VECTOR FIELDS ON POISSON 

MANIFOLDS 



PHILIPPE MONNIER AND NGUYEN TIEN ZUNG 

Abstract. We study formal and analytic normal forms of radial and Hamil- 
tonian vector fields on Poisson manifolds near a singular point. 



1. Introduction 

This paper is devoted to the study of normal forms a la Poincare-Birkhoff for 
analytic or formal vector fields on Poisson manifolds. We will be interested in two 
kinds of vector fields, namely Hamiltonian vector fields, and "radial" vector fields, 
i.e. those vector fields X such that [X, II] = £xll = —II, where II denotes the 
Poisson structure, and the bracket is the Schouten bracket. Our motivation for 
studying radial vector fields comes from Jacobi structures 0, while of course the 
main motivation for studying Hamiltonian vector fields comes from Hamiltonian 
dynamics. We will assume that our vector field X vanishes at a point, X(Q) = 0, 
and that the linear part of n or of its transverse structure at corresponds to a 
semisimple Lie algebra. In this case, it is well known that II admits a formal 

or analytic linearization in a neighborhood of 0. We are interested in a simultaneous 
linearization or normalization of II and X. 

In Section|21 we study the problem of simultaneous linearization of couples (II, X) 
where II is a Poisson structure and X is a vector field such that £^11 = —II. 
Such couples are called homogeneous Poisson structures in the sense of Dazord, 
Lichnerowicz and Marie 0, and they are closely related to Jacobi manifolds. Such 
structures are closely related to Jacobi structures. More precisely, a 1-codimensional 
submanifold of a homogeneous Poisson manifold (M, II, X) which is transverse to 
the vector field X has an induced Jacobi structure, and all Jacobi manifolds can 
be obtained in this way. On the other hand, a 1-codimensional submanifold of a 
Jacobi manifold (N, A, E) transverse to the structural vector field E has an induced 
homogeneous Poisson structure, and all homogeneous Poisson manifolds can be 
obtained in this way (see 0). Our first result is the following (see Theorem 12 .4|) : 

Theorem A. Let (II, X) be a formal homogeneous Poisson structure on 1™ 
(where K is C or R) such that the linear part H± of II corresponds to a semisimple 
Lie algebra g. Suppose that its linear part (Hi,X^') is semisimple nonresonant. 
Then there exists a formal diffeomorphism which sends (II, X) to (III, X^). 
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The semisimple nonresonant condition in the above theorem is a generic position 
on X^- 1 ': the set of X^- 1 ' which does not satisfy this condition is of codimension 1, 
and moreover if X^ — I is diagonalizable and small enough, where I = X^i^E - 
denotes the standard radial (Euler) vector field, then the semisimple nonresonant 
is automatically satisfied. 

For analytic linearization, due to possible presence of small divisors, we need 
a Diophantine-type condition. Here we choose to work with a modified Bruno's 
w-condition 0G1 adapted to our case. See Definition 12 . 51 for the precise definition 
of our w-condition. The set of (Hi,X^) which satisfy this ^-condition is of full 
measure. We have (see Theorem 12.711 : 

Theorem B. Let (II, X) be an analytic homogeneous Poisson structure on 1™ 
(where K is C or M.) such that the linear part IT of H corresponds to a semisimple 
Lie algebra. Suppose moreover that its linear part (Ui^X^) is semisimple nonreso- 
nant and satisfies the lu- condition. Then there exists a local analytic diffeomorphism 
which sends (IL,X) to OH, A^). 

In Section |31 we study local normal forms of Hamiltonian systems on Pois- 
son manifolds. According to Weinstein's splitting theorem our local Poisson 
manifold ((K™,0),IT), where K = E or C, is a direct product ((K 2/ , 0), H symp ) x 
((K m , 0), n tra „ s ) of two Poisson manifolds, where the Poisson structure Ii symp is 
nondegenerate (symplectic), and the Poisson structure n tra „ s (the transverse struc- 
ture of IT at 0) vanishes at 0. If n trans is trivial, i.e. the Poisson structure IT is reg- 
ular near 0, then the problem local normal forms of Hamiltonian vector fields near 
is reduced to the usual problem of normal forms Hamiltonian vector fields (with pa- 
rameters) on a symplectic manifold. Here we are interested in the case when n tr£ms 
is not trivial. We will restrict our attention to the case when the linear part of n trtms 
corresponds to a semisimple Lie algebra q. According to linearization theorems of 
Weinstein ^1 and Conn Qj, we may identify ((K m , 0), Htrans) with a neighborhood 
of of the dual q* of g equipped with the associated linear (Lie-Poisson) structure. 
In other words, there is a local system of coordinates (x±, yi, . . . , Xi,yi, Zi, . . . , z m ) 
on K 2i +™ such that Ii syrnp = £Li £- A ^, U trans = H 8 = \ Zi tj , k A £- 

with Cy being structural constants of 9, and 

T-r \ ^ d d 1 \ ^ u d d 

(L1) n = E^^n^ c ^ A ^-- 

Such a coordinate system will be called a canonical coordinate system of n near 
0. Let H be a formal or analytic function on ((K™,0),n). We will assume that 
the Hamiltonian vector field Xjj of H vanishes at 0. Note that the differential of 
H does not necessarily vanish at (for example, if n = then we always have 
Xh(0) = for any H). We may assume that H(0) = 0. 

We have the following generalization of Birkhoff normal form pp (see Theorem 
EH): 

Theorem C. With the above notations and assumptions, there is a formal 
canonical coordinate system (xi,yi, Zj), in which H satisfies the following equation: 



{H,H ss } = 0, 
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where H ss is a (nonhomogeneous quadratic) function such that its Hamiltonian 
vector field Xh ss is linear and is the semisimple part of the linear part X& of Xh 
(in this coordinate system). In particular, the semisimple part of the linear part of 
Xh is a Hamiltonian vector field. 

Note that the normalizing canonical coordinates given in the above theorem are 
only formal in general. The problem of existence of a local analytic normalization for 
a Hamiltonian vector field (even in the symplectic case) is much more delicate than 
for a general vector field, due to "auto-resonances" (e.g, if A is an eigenvalue of a 
Hamiltonian vector field then — A also is). However, there is one particular situation 
where one knows that a local analytic normalization always exists, namely when the 
Hamiltonian vector field is analytically integrable. See ^H] for the case of integrable 
Hamiltonian vector fields on symplectic manifolds. Here we can generalize the main 
result of ^B] to our situation (see Theorem 13. 8fl : 

Theorem D. Assume that K. = C, the Hamiltonian function H in Theorem C 
is locally analytic, and is analytically integrable in the generalized Liouville sense. 
Then the normalizing canonical coordinate system (xi,yi,Zj) can be chosen locally 
analytic. 

We conjecture that the above theorem remains true in the real case (K = K). 
Recall (see, e.g., an d references therein) that a Hamiltonian vector field Xh 
on a Poisson manifold (M, n) of dimension n is called integrable in generalized 
Liouville sense if there are nonnegative integers p, q with p + q = n, p pairwise 
commuting Hamiltonian functions Hi, . . . ,H p ({Hi, Hj} = Vi,j) with H\ = H 
and q first integrals F\, . . . , F p , such that X Hi (Fj) = V i, j, and dFi A . . .AdF q ^ 
and Xh 1 A ... A Xh p ^ almost everywhere. (The Liouville case corresponds to 
p = q = n/2 and Fi — Hi). Analytic integrability means that all Hamiltonian 
functions and vector fields in question are analytic. 



Following jTj, we will use the following terminology: a homogeneous Poisson 
structure on a manifold M is a couple (n, X) where n is a Poisson structure and 
X a vector field which satisfies the relation 



where the bracket is the Schouten bracket. 

Remark 2.1. Poisson structures which satisfy the above condition are also called 
exact, in the sense that the Poisson tensor is a coboundary in the associated Lich- 
nerowicz complex which defines Poisson cohomology. They have nothing to do with 
another kind of homogeneous spaces, namely those which admit a transitive group 
action. 

An analog of Weinstein's splitting theorem for homogeneous Poisson structures 
is given in [Jj, and it reduces the study of normal forms of homogeneous Poisson 
structures to the case when both n and X vanish at a point. So we will assume 
that (n, X) is a homogeneous Poisson structure defined in a neighborhood of in 
IK™, where K = M or C, such that 



2. Homogeneous Poisson structures 



(2.1) 



[x,n] = -n, 



(2.2) 



n(0) = and X(0) = Q. 



4 



PHILIPPE MONNIER AND NGUYEN TIEN ZUNG 



We are interested in the linearization of these structures, i.e. simultaneous lin- 
earization of II and X. Denote by ill and X^ the linear parts of II and X 
respectively. Then the terms of degree 1 of Equation jU imply that (IIijXW) is 
again a homogeneous Poisson structure. 

In this paper, we will assume that the linear Poisson structure III corresponds to 
a semisimple Lie algebra, which we denote by g. Then, according to linearization 
results of Weinstein ^3] (f° r the formal case) and Conn ^ (for the analytic case), 
the Poisson structure II can be linearized. In other words, there is a local coordinate 
system {x\, . . . , x n ) on (K™, 0), in which 



(2.3) n = Hl = W 



_d_ _d_ 

2^ C » Xk dxi A dxj 

ijk 



(2-4) {xi,Xj} = 534x fc , 



where cff- are structural constants of q. In order to linearize (II, X) = (ILi,X), it 



remains to linearize X by local (formal or analytic) diffeomorphisms which preserve 
the linear Poisson structure Hi. 

2.1. Formal linearization. First consider the complex case (K = C). Let X be a 
formal vector field on C n such that (Hi,X) forms a homogeneous Poisson structure 
on C™. Denote by 

71 ft 

(2-5) ' = 5>^ 

i— 1 

the Euler vector field written in coordinates (x\, . . . , x n ). Since this vector field 
satisfies the relation [J, III] = —Hi, we can write X as 

(2.6) X = I + Y, 

where Y is a Poisson vector field with respect to IIi, i.e., [Y,IIi] = 0. It is well- 
known that, since the complex Lie algebra jj is semisimple by assumptions, the first 
formal Poisson cohomology space of IT is trivial (see, e.g., |S]), i.e. any formal 
Poisson vector field is Hamiltonian. In particular, we have 

(2.7) Y = X h = -[h,n 1 ] 

for some formal function h. Writing the Taylor expansion h = hi + h% + /13 H 

where each h r is a polynomial of degree r, we have 

(2.8) X = I + X hl + X h2 + X h3 +■■■ 

Denote by X^> = I + X^ the linear part of X. In order to linearize X (while 
preserving the linearity of II — LTi), we want to kill all the terms Xh r with r > 2, 
using a sequence of changes of coordinates defined by flows of Hamiltonian vector 
fields with respect to LIi . Working degree by degree, we want to find for each r a 
homogeneous polynomial g r of degree r such that 



(2.9) [X {1) ,X gr } =X h 



Note that [Xf ll ,X 3r ] — X^ hi gr y, and [7, X 3r ] = (r — l)X 9r because X 9r is 
homogeneous of degree r. Hence Relation (12.91) will be satisfied if g r satisfies the 
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following relation: 

(2.10) (r-l)g r + {h 1 ,g r } = h r . 

Remark that, hi can be viewed as an element of g, and h r , g r may be identified 
with elements of the symmetric power S r (g) of g. Under this identification, {hi,g r } 
is nothing but the result of the adjoint action of hi £ g on g r £ S r (g). 

We will suppose that hi is a semisimple element of g, and denote by 1) a Cartan 
subalgebra of g which contains hi . According to the root decomposition of g with 
respect to f), we can choose a basis (xi, . . . , x n ) of g, and elements ai, . . . , a n of ()*, 
such that 

(2.11) [y,Xi] = (ai,y)xi V y £ f), Vi = 1, . . . , n. 

Each ai is either (in which case Xi £ h) or a root of g (in which case Xi belongs 
to the root subspace g ai of g). 

We define for each r > 2 the linear operator 

O r :S r (g) S r (g) 

a i — ► (r — l)a + {hi, a} . 

Each monomial Yli x % i °f degree |A| = Aj = r is an eigenvector of this linear 
operator: 

n 

(2.12) e r (l[x^) = (r-l + J2^i,hi))l[x^. 

i i—1 i 

Definition 2.2. With the above notations, we will say that (IIi, X^ ) is semisimple 
nonresonant if hi is a semisimple element of g and the eigenvalues of O r don't 
vanish, i.e., for any r > 2 and any (Ai, . . . , A„) G Z" such that — r we have 

r--l + Er=i A i<"i^i)^°- 

Remark 2.3. It is easy to see that the above nonresonance condition is a generic 
position condition, and the subset of elements which do not satisfy this condition 
is of codimension 1. In fact, if the Cartan subalgebra f) is fixed, then the set of 
elements hi £ t) such that (Hi, I + X^) is resonant is a countable union of affinc 
hypcrplanes in () which do not contain the origin, and there is a neighborhood of 
in f) such that if h\ belongs to this neighborhood then (IIi,^ 1 )) is automatically 
nonresonant. 

The algorithm of formal linearization. We now show how to linearize (IIi,X), 
by killing the nonlinear terms of h step by step, provided that (IIi, X^>) is nonres- 
onant. Actually, at each step, we will kill not just one term hd, but a whole block 
of 2 d consecutive terms. This "block killing" will be important in the next section 
when we want to show that, under some Diophantine-type condition, our formal 
linearization process actually yields a local analytic linearization. 

For each q > 0, denote by O q the space of formal power series on C™ of order 
greater or equal to q, i.e. without terms of degree < q. 

We begin with X = X^ mod £> 2 , and will construct a sequence of formal 
vector fields (Xd) d and diffeomorphisms ((pd)d, such that X = X and, for all 
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d> 0, 

(2.13) X d = mod 6 2d+1 , 

(2.14) X d+1 = <^X rf . 

Assuming that we already have Xd for some d > 0, we will construct ^ (and 
X d +i = ipd*X d ). We write 

(2.15) X d = X™ + X Hd mod 6 2d+ i +1 , 

where Hd is a polynomial of degree < 2 d+1 in £?2 d +i> i- e - Hd is a sum of ho- 
mogeneous polynomials of degrees between 2 d + 1 and 2 d+1 (we also could write 
abusively that Hd is in C 2 <i+i/C'2 d + 1 +i)- Under the nonresonance condition, there 
exists a polynomial Gd of order > 2 d + 1 and of degree < 2 d+1 such that if we write 

Gd = G d ' + . . . + G d (where G d is homogeneous of degree u) and the same 
for Hd, we have 

(2.16) e u (4 u) ) = («- + {/»!,<#>} = , 

for every «6 {2 d + 1, . . . , 2 d+1 }. It implies that we have 
(2-17) [X^,X Gd ]=X Hd , 

where Xc d denotes the Hamiltonian vector field of Gd with respect to II i as usual. 
Now, we define the diffeomorphism ifd = expX<3 d to be the time-1 flow of Xc d . 
We then have 

(2.18) X d +i := f d *X = X« + X Hd+1 mod 2 , +2+1 , 

where Hd+i is a polynomial of degree 2 d+2 in 2 d + 1 +i- 

Constructed in this way, it is clear that the successive compositions of the dif- 
feomorphisms tpd converge in the formal category to a formal diffeomorphism 
which satisfies = X^ 1 ' and which preserves the linear Poisson structure III. 

Consider now the real case (K = M, and g is a real semisimple Lie algebra). 
By complexication, we can view real objects as holomorphic objects with real co- 
efficients, and then repeat the above algorithm. In particular, under the nonreso- 

(u) 

nance condition, we will find homogeneous polynomials G d which satisfy Equation 
(EJ2J, i.e., 

(2.19) (u-l)G d u) +{h 1 ,G ( d u) }=H d u \ 

Remark that, in the real case, the operator Q u : G^> 1— > (u — 1)G^ U ' + {hi, G^ u '} is 
real (and is invertible under the nonresonance condition), and H d u ^ is real, so G d u ^ 
is also real. This means that the coordinate transformations constructed above are 
real in the real case. 

We have proved the following: 

Theorem 2.4. Let (II, X) be a formal homogeneous Poisson structure on K™ 
(where K is C or M.) such that the linear part Hi ofU corresponds to a semisim- 
ple Lie algebra. Assume that its linear part (IIi,^ 1 ') is semisimple nonresonant. 
Then there exists a formal diffeomorphism which sends (II, X) to (IIi,^ 1 )). 



NORMAL FORMS OF VECTOR FIELDS ON POISSON MANIFOLDS 



7 



2.2. Analytic linearization. Now we work in the local analytic context, i.e. the 
vector field X is supposed to be analytic on (K n ,0). In order to show that the 
algorithm given in the previous subsection leads to a local analytic linearization, in 
addition to the nonresonance condition we will need a Diophantine-type condition, 
similar to Bruno's w-condition for the analytic linearization of vector fields 

Keeping the notations of the previous subsection, for each d > 1, put 
(2.20) 



uj d = min < — ,min | |A| - 1 + Xijotj, hi) 
{ i=i 



A G Z™ and 2 < |A| < 2 




Definition 2.5. We will say that or more precisely that a semisimple non- 

resonant linear homogeneous Poisson structure (IT, JT^ 1 )) satisfies the u> -condition 
if 



OO , 

-logWrf 



(2-21) L-^<-- 

d=l 

Remark that, similarly to other situations, the set of X^> which satisfy the about 
w-condition is of full measure. More precisely, we have: 

Proposition 2.6. The set of elements h of a given Cartan subalgebra t) such that 
X^ 1 = I + Xfr does not satisfy the co-condition \2.21\) is of measure in\). 

See the Appendix for a straightforward proof of the above proposition. 

Using the same analytical tools as in the proof of Bruno's theorems about lin- 
earization of analytic vector fields |2J|3], we will show the following theorem: 

Theorem 2.7. Let (IT, X) be an analytic homogeneous Poisson structure on (K™, 0) 
( where K is C or M.) such that the linear part ITi of II corresponds to a semisimple 
Lie algebra. Suppose that its linear part (ITi,.?^ 1 )) is semisimple nonresonant and 
satisfies the u-condition. Then there exists a local analytic diffeomorphism which 
sends (II, X) to (n^X^ 1 )). 

Proof. Due to Conn's theorem 0], we can assume that II = III is already 
linear. The process to linearize the vector field X is the same as in the formal case, 
noting that if we start with an analytic vector field, the diffeomorphisms tp d that 
we constructed will be analytic too (as is the vector fields X d ). We just have to 
check the convergence of the sequence $^ = ip d o . . . o <p 1 in the analytic setup. 

We will assume that K = C (the real case can be reduced to the complex case 
by the same argument as given in the previous subsection). Denote by O q the 
vector space of local analytic functions of (K n , 0) of order greater or equal to q (i.e. 
without terms of degree < q) . 

For each positive real number p > 0, denote by D p the ball {x = (xi, . . . , x n ) G 
C n ; \xi\ < p] and if / — X)agN" a ^ xX 1S an analytic function on D p we define the 
following norms: 

(2-22) l/l, := $>a|p |A| , 

A 

(2.23) 11/11, := sup |/(z)| . 

zeD„ 
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In the same way, if F = (Fi, . . . ,F n ) is a vector- valued local map then we put 
\F\ P :— max{\Fi\ p , . . . ,\F n \ p } and similarly for H-FHp. These norms satisfy the 
following properties. 

Lemma 2.8. Let p and p' be two real numbers such that < p' < p. If / S O q is 

an analytic function on D p , then 

a) 

(2-24) \\f\\p<\f\p and \f\ p , < j — 1— 

b) 

(2-25) I/U<(j)*I/Ip- 

c ) Let R > be a positive constant. Then there is a natural number N such that for 

1/(2^ I 1 ) 

any d > N, if q = 2 d + 1, ( (2d)(2 d ) ) P = p' R> an d f S O g is an analytic 

function on D p , then we have 

(2.26) |dfU<l/l P . 

The proof of the above lemma is elementary (see the Appendix). 

It is important to remark that, with the same notations as in the formal case, 
for p > 0, we have, by H2.12jl : 

(2-27) \x Gd \p<—\X Hd \ p . 

Put po = 1, and define the following two decreasing sequences of radii {rd) d and 

(pd) d b y 

(2-28) r d := {-^) p d -i , 

(2.29) p d := (l-^>d. 
We have 

(2.30) . . . < p d+ i < r d+1 < p d <r d < p d _ x < . . . , 

and it is clear, by the w-condition (|2.21|) . that the sequences (rd) d and (p d ) d converge 
to a strictly positive limit R > 0. Moreover, they satisfy the following properties: 

Lemma 2.9. For d sufficiently large, we have 

a) r d - Pd> jd , 

b) pd - r d +i > ■ 

The proof of Lemma l2.9l is elementary (see the Appendix). 
Lemma 2.10. For d sufficiently large, if \Xd — X^ 1 '\ Pd _ 1 < 1, then 
(2-31) D ri+1 c y d {D Pd ) c D ri , 

and moreover, we have \<fd*Xd — X^\ Pd < 1. 
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Proof . • We first prove the second inclusion : tpd{D Pd ) C D ra . 
We have 

(2.32) X d = X^ +X Hd mod£) 2J+ i +1 

where Hd is a polynomial formed by homogenous terms of degree between 2 d + 1 
and 2 d+1 . By (|2~27jl . we write 

(2-33) I^Gjp d _! < — l^ffdL-i ■ 

Then, by (Tgg) , we get 

(2-34) |x G J rti <-l(-^) 2d+1 |X H J Pd _ 1 
And, using the assumption |.X"d — X( 1 )| Pci _ 1 < 1, we obtain 
(2-35) \x Gd \ rd <±. 
Finally, Lemma \'2 . 91 gives 

(2-36) ||X G J| rd <|X G J r<i <r d -p d , 
which implies the inclusion ipd(D Pd ) C £V d . 

• Now, we prove the first inclusion D rd+1 C (fd{D Pd ). For any a; on the boundary 
5 Pd of D Pd , we define := Td 1 2 Pd and £2 := r d]fj' We construct a map ^ : 
£V d — > £> rd which is <£><j on D Pd and defined on D rd \D Pd by the following : for 
/i G [0, 1] and x £ S Pd we put 

$ d (nx + (1 - fi)xi) = fiifd(x) + (1 - n)x 
$d(^xi + (1 - n)x 2 ) = [ix + (1 - y)x 2 

This map is continuous and is the identity on the boundary of D rd thus, by 
Brouwer's theorem, cj) d (D rd ) = D rd . 

Let x be an element of the boundary S Pd of D pd . 

If z = fix + (1 — /i)xi (for /i £ [0, 1]) then we have 

\<f>d(z)\ = \x + fi((p d (x) ~ x)\ 
> \x\ - fi\(fd{x) - x\ 

Now, we write \tpd{x) — x\ < \ ^ XQ d {ip d {x))dt\ where Lp d is the flow of Xc d . 
As above, according to (|2.36|) . f d {x) is i n D Td for all t S [0,1] and then, we get 
Wd{x) — x\ < \\XG d \\r d < ^d- Therefore, by Lemma |2~§1 we get 

(2.37) \4>d{z)\>r d+1 . 

Now, if z — fj,x\ + (1 — fJ>)x2 (fJ- G [0, 1]) then we have 

(2-38) \$ d (z)\ = ( M +(1- M )^)|x| > \x\>r d+1 . 

As a conclusion, if y is in D rd+1 then, by the surjectivity of <p d , y = 4> d {z) with, a 
priori, z in £V d . We saw above that in fact z cannot be in D rd /D Pd . Therefore, 
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since 4>d = <£d on D Pd , we get y = ipd(z) with z in D Pd . 

• Finally, we check that \<pd*Xd — X^\ Pd < 1. We write the obvious inequality 
(2.39) \<p d .X d - X(% d < \ Vd ,X d - X d \ Pd + \X d - X<\ d . 

By (|2~2"S|) . we have 



(2.40) 



|Xi _^, L<( ^_ ) ^ < - (1 _^ 



Now, we just have to estimate the term \(fid*Xd — X d \ Pd . To do that, we use 
the inequalities of Lemma 12.81 The drawback of these inequalities is that they 
sometimes induce a change of radius. Therefore, we define the following intermediar 
radii (between p d and r d ) : 



pf 

(3) 
Pd 

(4) 
Pd 



W(l+5d») 



3 1 



Pd + 2 2 d 



= pf{(2d){2 d ))^ 



- J 3 ) 



1 



Let us explain a little bit the definitions of these radii : 

(1) I 

- ( resp. p\> , 
(12.24|> and have 



p d (resp. p d ^) is defined from pd (resp. p d 3 ' ) ) in order to use inequality 



1 



Pd 



5d 2 



which does not grow too quickly. 

p d is defined in order to have (recall l|2.35|l ) 



(2.41) 



(2) 
Pd 



PcP > fd >H X G* II 



1 



J 3 ) 



is defined in order to use inequality 



Finally, if d is sufficiently large, the differences 

r„f- 



and p d ^ — p d 3 ^ are strictly smaller than ^ and then, 



(2) (1) (3) (2) 
i'Pd "Pd 'Pd "Pd 



, n a c\\ (4) . Td 4r d r d 1 . 

We have, by jjQD , 



(2.43) |^X d -X d | w < 



1 



„(!> 



\\<Pd*Xd-Xd\\ M = (5^ + 1)11^^-^11(1) 
Pd Pd 



If x is in D m then we have 

Pd 



(2.44) \{ip d *X d -X d ){x)\ 



^[X Gdl X d ]{x)dt 



d 9d {[X Gd ,X d ])){ip d \x))dt 
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Since || X Gd \\ p w<\\ X Gd \\ rd < p d 2) - (by JZHJ), ^\x) belongs to D p{p for 
all t £ [0, 1]. We then get 

(2.45) \\<Pd*Xd-X d \\ p m<J W d {[X Gd ,X d ])\\ p ^dt. 

We can write ip d = Id + £, d where the n components of Q are functions in C*2 d +i- 
We have the estimates 

lld^ILm < |d£L« byQ 



< l^l p <3) by 

< (5^ + 1)11^11(4) by 



If x is in D i4) then we can write 



(2.46) = fax) - x = [ X Gd (^(x))du . 

Jo 

Since ||X Gd || rd < ^ < r d - (see (|2.42ll ), we have y$(x) € £>. rd for all u in [0,*]. 
Thus HCdllpW < \\ x G d \\r d < £c which gives 

"W 2 A- 1 

(2-47) || rf ^ ?) <^_±i, 
and then, by 12.45(1 . 

5rf 2 4- 1 

(2.48) \\^X d -X d \\ pf < (i + —*-)\\[X Gd) X d ])\\tf- 



We then deduce by (|2l3|) that 

(2.49) \<p d *X d - X d \ Pd < (5d 2 + l)(l + _^)||[X G „X d ])|| rti . 

Finally, we just have to estimate || [X Gd , X d })\\ rd . We first have by (|2.24|) . 
(2-50) \\[X Gd ,X d ])\\ rd < \[X Gd ,X d ])\ rd . 

Now, we write 

(2.51) [X Gd ,X d ] = [X Gd ,X<»] + [X Gd ,X d - X™] = -X Hd + [X Gd ,X d - X«] 
which gives, by l|2.26[l . recalling that w d < t^j, 

\ip d *X d -X d \ Pd < (2d 2 -l)[\X Hd \ rd + \X Gd \ rd \X d -X^\ Pd _ 1 

+\x Gd \ Pd _ 1 \x d ~x^\ 1 

Using $FT7\ and i|!H5J) . we get 

(2.52) \X Gd \ rd \X d - X^]^ < -(^f^lXnJ^lX, - X(X d _, , 

UJd Pd-l 

and then 

(2-53) \X Gd \ rd \X d -XV\ pd _,<±- d . 
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In the same way, one can prove that 

(2-54) \X Gd \ Pd -AX d -X^\ rd <^. 

In addition, by 12.25(1 . we get 

(2-55) \x Hi \ ri <(J^f +l \X Hi \ Pd _ x <^ 



We deduce finally that 

-YA /f.wUiUu^ ,,_ _ 

2 d n 2 d 2 d/ 



(2.56) \^X d -X d \ Pd <(5d* + l)(l + ^±±)(^ ' 2 



This gives the following estimate 

^rl 2 _u i , , 9 , , 1 2<1 + 1 

(2.57) l^-^ 1) U<(5d 2 + l)(l + ^)9 + |) + ^(l-^) , 

and the conclusion follows. □ 



End of the proof of Theorem \2.7\ Let do be a positive integer such that Lem- 
mas 12.91 and 12.101 are satisfied for d > do. By the homothety trick (dilate a 
given coordinate system by appropriate linear transformations), we can assume 
that IX^-X^X^ <1. 

By recurrence, for all d > do, we have 

Dr d+1 C MD Pd ) d D rd , 

which give 

(2-58) Vd-\D rd+l )GD Pd , 

for all d > do- 

We consider the sequence (^d),^ given by 

*d := (fa 1 o ip^ 1 o . . . o (fj 1 . 

Let x be an element of Dr ; recall that R > is the limit of the decreasing sequences 
( r d)d and {pd)d- Then x belongs to the ball D Td+l for any d and if d > do, we get 
by 12.58(1 . ^(jc) G L> Pd C D rd . In the same way, we get ^"-lO^fa)) € D w _ 1 C 
D rd l and iterating this process, we obtain 

(2-59) lf - o 1 (^ +1 o...o^(x)) eD rdQ . 

If we put M — sup zeDd ^ \ip^ ° •• • ¥' ( i r) 1 -i( 2: )|j we then obtain, for all x in Z)^ and 
all d > do, 

(2.60) |*<*0c)| ^ M ■ 

The theorem follows. □ 
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3. HAMILTONIAN VECTOR FIELDS ON POISSON MANIFOLDS 

In this section, we study normal forms of formal or analytic Hamiltonian vector 
fields in the neighborhood of the origin on the Poisson manifold (K 2 ' + " l ,IT), where 

(3.1) II = U symp + U trans = g A A A + \ £ c%z k A A A. 

Here U symp = Yl\=i A ~§y~- i s tnc standard symplectic Poisson structure on IK 2 ™, 
and Utrans = n fl = i ^ fc c^ Zfc^- A g|- is the associated linear Poisson structure 
on the dual of a given semisimplc Lie algebra g of dimension m over K. 

Let H : (IK 2( +"\ 0) -> (K, 0) be a formal or local analytic function with H(0) = 0, 
and consider the Hamiltonian vector field Xh of H with respect to the above Poisson 
structure n = U sym p + n s . If Xh(0) ^ 0, then it is well-known that it can be rec- 
tified, i.e. there is a local canonical coordinate system (xi, yi, . . . , xi, yi, zi, . . . , z m ) 
in which H = X\ and X H = -Jj^. Here we will assume that X H (0) = 

3.1. Formal Poincare-Birkhoff normalization. In this subsection, we will show 
that the vector field Xh can be put formally into Poincare-Birkhoff normal form. 
More precisely, we have: 

Theorem 3.1. With the above notations, for any formal or local analytic function 
H : (K 2 ' +m ,0) — > (K, 0), there is a formal canonical coordinate system (xi,yi,Zj), 
in which the Poisson structure TL has the form 

and in which we have 

(3.3) H = H SS + H, 

where H ss is a function such that Xh ss is the semisimple part of the linear part of 
Xh, and 

(3.4) {H,H ss } = 0. 

Proof. For any function / on K 2l+m , we can write Xf = x^ yrnp + Xj where 
jrsymp ^ reS p_ j s Hamiltonian vector field of / with respect to U symp (resp. 
n B ). We can write H — J2 P q H p ' q where H p ' q is a polynomial of degree p in x, y 
and of degree q in z. 

A difficulty of our situation comes from the fact that n is not homogeneous. If 
p > then Xhp.i is not a homogeneous vector field but the sum of a homogeneous 
vector field of degree p + q (given by X HP<q ) and a homogeneous vector field of 
degree p + q — 1 (given by X s ^ p ). Note that X H „ iq is homogeneous of degree q 
and of course X sy ™ p = 0. 

Denoting by X^ the linear part of Xh, we have 

(3.5) X« = X H o,i + X H 2, + X^ . 
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This linear vector field X^ 1 ' is not a Hamiltonian vector field in general, but we 
will show that its semisimple part is Hamiltonian. 

By complexifying the system if necessary, we will assume that IK = C. By a 
linear canonical change of coordinates, we can suppose that the semisimple part of 
X H 2,o is Xh 2 where h 2 (x, y) = X^=i li x iUj ilj Q an d that the semisimple part 
of Xjjo.i is Xh 1 where hi belongs to a Cartan subalgebra f) of g. We write : 

(3.6) X h2 = -J2 Wi-faT + J2 Tj'^flTT and Xh > = a ^dT. ■ 

3 = 1 3 j=l j=1 3 

Remark that we can assume that a s +i = . . . = a rn = where m—s is the dimension 
of the Cartan subalgebra (). Denote a = (ai, . . . , a m ) and 7 = (71, . . . ,7/). If 
A, fj, e ll + and v e Z™ then 

(3.7) {hi + h 2 ,x x y»z"} = ((7, ft - A) + (a, z/)) sV*" , 

where, for example, (ot,v) — 'Yli 0L i v i denotes the standard scalar product of a and 
v. In particular, {hi + h 2l •} acts in a "diagonal" way on monomials. 

We can arrange so that, written as a matrix, the terms coming from Xjjo,i_/ tl , 
Xjj2,o_f l2 and X^™ 10 in the expression of X^ are off-diagonal upper-triangular 
(and the terms coming from Xh 1 +h 2 are on the diagonal). 

If {hi + h 2 ,H^} = 0, then [X hl+h2 ,X H M ] = 0, and [X hl+h21 X^T] = 
because Xh 1 +h 2 ^ linear and X^ia" = is the linear part of Xjji.i, and, as a 
consequence, Xh 1 +h 2 is the semisimple part of X^ 1 ' . 

If {hi + h 2 , H 1 ' 1 } then we can apply some canonical changes of coordinates 
to make (the new) H 1 ' 1 commute with hi + hi as follows. According to l|3.7|l . there 

exist two polynomials G,U and G 1 ^ of degree 1 in x, y and 1 in z such that 

(3.8) {hi + h^G^j + Gl^H 1 ' 1 
and 

(3.9) {h 1 + h 2 ,G^} = 0. 

Remark that, for any homogeneous polynomials K ' 1 , K 2 ' , K 1 ' 1 of correspond- 
ing degrees in (x,y) and z, we have 

(3.10) [X%? } [X ^ } x K o,i}} = [X%?, [X S K ^, X K *, ]} = . 

Denote by Fi = H^ 1 + H 2fi -h Y -h 2 the "nilpotent part" of H ' 1 + H 2 ' . 

Change the coordinate system by the push-forward of the time-1 flow ipn\ = 
expX G i,i of the Hamiltonian vector field X G i,i, i.e., x™ ew = Xi o ip^ and so on. 

The new coordinate system is still a canonical coordinate system, because ipm 
preserves the Poisson structure n. By this canonical change of coordinates, we can 
replace H by H o ip/ x \ , and Xjj by 

(3.11) Xx ew = (fl(i)^X H = X H + [X G i,i,X H ] + hx G ii,[X G i,i,X H ]] + ■■■ 
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It follows from (|3~TT|) and (jOl)) that the linear part of X H ew is 



(3.12) X hl+h2 +X Fl +X s ^ + X 



syrup , ysymp 

In particular, by the above canonical change of coordinates, we have replaced 
H 1 ' 1 = {h x + h 2 ,G^} + G,[, by {G,[yF x } + G,U, while keeping h x ,h 2 and F x 
intact. (Note that {G^,Fi} is homogeneous of degree 1 in (x, y) and degree 1 in 
z). 

By (EHJl we can write 

(3.13) G]^ = {hx + hi,G]^}, 
which, together with {hi + h 2 , Fi} — 0, gives 

(3.14) {Gg.Fi} = {h 1 +k a ,{G^],F 1 }}. 

In other words, the new if 1 ' 1 is {/ii + h 2l {G^yFi}} + G,U. 

Repeating the above process, with the help of the time-1 flow tp^) — exp X^ G i,i F ^ 
of the Hamiltonian vector field of {G,L, F\}, we can replace H 1 ' 1 by 

(3.15) {hi + hz,{{G$, Fi}, Fi}} + 
and so on. 

Since F x is "nilpotent" , by iterating the above process a finite number of times, 
we can replace H 1,1 by G,^, i.e. make it commute with hi + h 2 . So we can assume 
that {hi + h 2 ,H 1 - 1 } = 0. Then 

(3.16) H ss = hi + h 2 

is a function such that Xh ss is the semisimple part of the linear part of Xh- 
Now let us deal with higher degree terms. Write 

(3.17) X H = X Hl +X H2 +X Ha + ..., 
where each Hk is of the type 

(3.18) H k = H°' k + H p ' k+1 - p . 

p>i 

(For example, Hi = H ' 1 + H 2 >° + H 1 ' 1 = H ss + Fi + if 1 ' 1 ). 

By recurrence, assume that, for some r > 2, we have {H ss ,Hk} = for all 
k < r — 1. We will change H r by a canonical coordinate transformation to get the 
same equality for k = r. 

In order to put H r in normal form, we use the same method that we used to 
normalize H • . Similarly to (|3.8J) . we can write 

(3.19) H r = {H SS , K r }+ K r , 

where K r and K r are of the same type as H r (i.e., they are sums of monomials 
of bidegrees (0, r) and (p, r + 1 — p) with p > 0), {H ss ,K r } — 0. Note K r can be 
written as K r = {H ss , K( 2 y} for some K( 2 y. 
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The canonical coordinate transformation given by the time-1 flow exp.Xjr r of 
Xk t leaves Hi, ... , H r _i intact, and changes H r = K r + {H ss , K r } to the sum of 
K r with the terms of appropriate bidegrees in {K r , F\ + H 1 ' 1 }. We will write it as 

(3.20) K r + {K r , F\ + H 1 ' 1 } mod {terms of higher bidegrees). 
It can also be written as 

(3.21) K r + {H ss , {K( 2 )ri Pi + H 1 ' 1 }} mod (terms of higher bidegrees) . 

Now apply the canonical coordinate transformation given by expX{if (2 . ) F 1 +if 1 . 1 }) 
and so on. Since F\ + H 1 ' is "nilpotent", after a hnite number of coordinate 
transformations like that, we can change H r to K r , which commutes with H ss . 
Denote the composition of these coordinate changes (for a given r) as <f> r . Note 
that <f) r is of the type 

(3.22) <p r = Id+ terms of degree > r 

Thus, the sequence of local or formal Poisson-structure-preserving diffeomorphisms 
($ r ) r >2, where $ r = cf> r o . . . o 2 , converges formally and gives a formal normal- 
ization of H . 

Finally, notice that, in the real case (K = R), by an argument similar to the one 
given in the previous section, all canonical coordinate transformations constructed 
above can be chosen real. 

Theorem 13. II is proved. □ 

Remark 3.2. In Theorem l3.ll if we forget the Lie algebra g and just keep the sym- 
plectic structure, then we recover the classical Birkhoff normalization for Hamil- 
tonian vector fields on symplectic manifolds (see, e.g., [Tll3"l llllll6| V On the other 
hand, if we forget the symplectic part and just deal with g* then we get the following 
result as a particular case: 

Corollary 3.3. Let h be a local analytic or formal function , with h(0) — and 
dh(0) 7^ 0, on the dual g* of a semisimple Lie algebra with the associated Lie- 
Poisson structure. Then the Hamiltonian vector field Xh admits a formal Poincare- 
Birkhoff normalization, i.e., there exists a formal coordinate system in which the 
Poisson structure is linear and in which we have 

{h, h ss } = 0, 

where h ss is the semisimple part of dh(0) in g. 

Example 3.4. The monomials x^y^z v such that (7, /u — A) + {a, v) = in (|3.7() 
may be called resonant terms. In the two following examples we give the set of all 
resonant terms in the case of a trivial symplectic part. 

a) g = sl(2). In this case, a Cartan subalgebra f) of g is of dimension 1 and 
there are only two roots {a, —a}. Denote by zi, 22, £3 a basis of g (or a coordinate 
system on g*) such that z\ (resp. 22) spans the root space associated to a (resp. 
—a) and z% spans the Cartan subalgebra. We suppose that in the decomposition 
d3.1(jf) we have hi =23. Then the resonant terms are formal power expansion in 
the variables u> — z\Z2 and Z3. 

b) g — sl(3). Here a Cartan subalgebra f) is of dimension 2 (see for instance 
[H|). There are 6 roots a 2 , 013, — ax, — a-i, — a^} and the relations between these 
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roots are of type 

(3.23) ajOLj - bjOLj = , 

i i 

with 

(3.24) ai — b\ = ci2 — hi = 03 — 63 . 

If {£1, £2, £37 Cij C2, C3; z ii z i\ i s a basis of g such that £j (resp. Q) spans the root 
space associated to atj (resp. —cxj) and {21,22} spans fj, then supposing that in 
the decomposition Ij3.16|l hi is a linear combination of 21 and 22 we may write the 
resonant terms as formal power expansion formed by monomials of type 

(3.25) tf 1 &&&!;r( b 3 3 zi 1 4 2 
with eti — b\ — <i2 — 62 = 0-3 — &3- 

3.2. Analytic normalization for integrable Hamiltonian systems. Here, we 
assume that we work in the complex analytic setup. 

Recall that we wrote in Ij3.6|l . 

1 d 1 d m d 

(3.26) X,, 2 =-J2 IjXj g- + liVi qT and X ^ = zZ a ^ ^7" ' 

j=l 3 = 1 »3 j=l 3 

and we had put a — (ai, . . . , a m ) £ K m and 7 = (71, . . . , 7/) € K z . 

Let TZ C I? l+m be the sublattice of I? l+m formed by the vector u £ I? l+m 
written as u = (A, /1, v), with A and fi in 1} and v in Z m , and such that 

(3.27) ((-7, 7, a) , (A, n, v)) = - ^ 7j^j + zZ UN + X! = ' 

Of course, the elements (A, fi, v) of TZ correspond to the resonant monomials i.e. 
terms of type x x y ti z 1 ' such that {H ss , x y^z"} — 0. The dimension of TZ may be 
called the degree of resonance of H. 

Now, we consider the sublattice Q of Z 2/+m formed by vectors a £ l? l+m such 
that (a I u) = for all u in TZ. Let {p 1 - 1 -*, . . . , p^} be a basis of Q. The dimension 
r of Q is called the tone degree of X# at 0. We then put for all k = 1, . . . , r 

(3 . 28) Zt . E ^, Xi JL + v>£> 9J A + £4^ J- ■ 

i 1 3 j 1 yj 4=1 J 

The vector fields iZ\, . . . ,iZ r (i = \j — 1) are periodic with a real period in the 
sense that the real part of these vector fields is a periodic real vector field in C 2l+m = 
jj2(2Z+m) . thgy commute pairwise and are linearly independent almost everywhere. 
Moreover, the vector field Xjj ss is a linear combination (with coefficients in C a 
priori) of the iZ k . We also have the trivial following property 

Lemma 3.5. If A is a p-vector (p>0) then we have the equivalence 

[X Hss ,A] = 0^[Z k ,A] = 0Vfc = l,...,r 
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Proof : We just give here the idea of the proof of this lemma supposing that A is 
a 2-vector for instance ; but it works exactly in the same way for other multivectors. 
If Y is a vector field of type ^. =1 «,■'■, 777- + Ej=i '"•./•'/./^T + Ejli a ^+i z i£j 
and A of type A = x x y^z" '^f- A g§-, then 

(3.29) [Y, A] = (a , (A, v) - (1 U) 1„, 0))A 

where l u = (0, . . . , 1, . . . , 0) is the vector of l) whose unique nonzero component 
is the u-component. Of course we get the same type of relation with 2-vectors 
in ■§£ A Jj, J| A J|, etc.... Using this remark and the definition of the vectors 
, . . . , p( r ) , the equivalence of the lemma is direct. □ 

According to this Lemma, since Xh ss preserves the Poisson structure, the vector 
fields Zi, . . . , Z r will be Poisson vector fields for (C 21 x C m , { , } sy m P + { , But 
according to Proposition 14.11 (see the Appendix), the Poisson cohomology space 
iJ 1 (C 2 ' x C m , { , } S ymp + { , }g) is trivial therefore, these vector fields are actually 
Hamiltonian : 

(3.30) Z k =X Fk Vfc = l,...,r. 

Finally, we have r periodic Hamiltonian linear vector fields iZk which commute 
pairwise, are linearly independent almost everywhere. The real parts of these vector 
fields generate a Hamiltonian action of the real torus T on (C 2 ™ x C m , { , } symp + 
{ I Is)- With all these notations, we can state the following proposition : 

Proposition 3.6. With the above notation, the following conditions are equivalent : 

a) There exists a holomorphic Poincare-Birkhoff normalization of Xh in a neigh- 
borhood of in C 2l+m . 

b) There exists an analytic Hamiltonian action of the real torus T r in a neigh- 
borhood of in C 2l+m ; which preserves Xh and whose linear part is generated by 
the (Hamiltonian) vector fields iZk, k = 1, . . . , r. 

Proof : Suppose that H is in holomorphic Poincare-Birkhoff normal form. By 
Lemma Td. 51 since {H, H ss } = 0, the vector fields iZ k preserve Xh- 

Conversely, if the point b) is satisfied, then according to the holomorphic version 
of the Splitting Theorem (see ^UJ) we can consider that the action of the torus 
is "diagonal", i.e. the product of an action on (C 21 , { ,} symp ) by an action on 
(C m , { , } B ) and moreover that the action on the symplectic part is linear. According 
to Proposition ^. 21 fin Appendix), we can linearize the second part of the action by 
a Poisson diffeomorphism. We then can consider that the action of T r is generated 
by the vector fields iZk, k — l,...,r. This action preserves Xh then we have 
[iZk,Xn] = for all k. To conclude, just recall that Xh 33 is a linear combination 
ofthcZ fc . □ 

Now, we are going to use Proposition ^. 6l to clarify a link between the integrability 
of a Hamiltonian vector field Xh on an analytic Poisson manifold (K™, { , }) and the 
existence of a convergent Poincare-Birkhoff normalization. Recall first the definition 
(see for instance |15p of the word integrability used here : 

Definition 3.7. A Hamiltonian vector field Xh on a Poisson manifold (M, H) (of 
dimension n) is called integrable (in the generalized Liouville sense) if there exist p 
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(1 < P < n) Hamiltonian vector fields X\ — Xh, X2, ■ ■ ■ , X p and n — p functions 
/1, . . . , fn-p such that 

a) The vector fields commute pairwise, i.e. 

(3.31) [X i ,X j ] = 0Vi,j = l,...,p, 
and they are linearly independent almost everywhere, i.e. 

(3.32) liA...AXp^0. 

b ) The functions are common first integrals for X\ , . . . , X p : 

(3.33) X i (f j )=0Vi,j, 

and they are functionally independent almost everywhere : 

(3.34) df 1 A . . . A df n - p ? . 



Of course this definition has a sense in the smooth category as well as in the 
analytic category. We can speak about smooth or analytic integrability. 

Theorem 3.8. Any analytically integrable Hamiltonian vector field in a neighbor- 
hood of a singularity on an analytic Poisson manifold admits a convergent Poincare- 
Birkhoff normalization 

Proof : We can assume (see the beginning of the section) that we work in the 
neighborhood of in 

(C 2 ' +m ,{,}) = (C 2 ',{,} S!ymp )x( fl *,{,} e ) 

where { , } symp is a symplectic Poisson structure and 3 is a semisimple Lie algebra 
and {, } fl the standard Lie-Poisson structure on g* . If Xh is integrable then, 
forgetting one moment the Hamiltonian feature, Theorem 1.1 and Proposition 2.1 
in give the existence of an action of a real torus T r on (K 2 ' +m ,0) generated 
by vector fields Y\, . . . ,Y r (r is the toric degree of Xh) where the linear parts of 
these vector fields are the iZ^ (see I3.28J) . and which preserves Xh- Moreover, the 
semisimple part Xff of Xh is a linear combination of the Yj : Xff = (3jYj 
without any resonance relation between the j3j. Now, let us recall that we work 
in a Poisson manifold with a Hamiltonian vector field. Since the vector field Xh 
preserves the Poisson structure, its semisimple part also does and then we will have 
[Yj, n] = for all j = 1, ... , r. Therefore, the action of the torus also preserves the 
Poisson structure. Proposition 13 . 61 allows to conclude. □ 



Remark 3.9. If we suppose that H and the Poisson structure are real then it is 
natural to ask if all that we made is still valid. Note that in this case, we can 
consider H (and the Poisson structure) as complex analytic, with real coefficients. 

Actually, in the same way as in |14lllfi| . we conjecture that we have the equiva- 
lence: 

A real analytic Hamiltonian vector field Xh with respect to a real analytic Pois- 
son structure admits a local real analytic Poincare-Birkhoff normalization iff it 
admits a local holomorphic Poincare-Birkhoff normalization. 
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4. Appendix 

In this appendix, we give a proof of auxiliary results used in the previous sections. 
We first compute the first Poisson cohomology space of the Poisson manifold we 
consider in Sectional Suppose that lis is a symplectic (i.e. nondegenerate) Poisson 
structure on K 21 (K is lor C). If (xi, • • . ,xi,yi, ■ ■ ■ ,yi) are coordinates on K 2 ', we 
can write 

n -V — a — 

Let q be a m-dimensional (real or complex) semisimple Lie algebra and consider 
II fl the corresponding linear Poisson structure on K m . Suppose that (z\, . . . , z m ) 
are coordinates on K m . We then show the following : 

Proposition 4.1. Under the hypotheses above, i/H 1 (K 2i x K m ,IIs + II ) denotes 
the first (formal or analytic) Poisson cohomology space of the product o/(K 2 ',IIs) 
by (K"\n g ) then 

H x (K a x K m ,n s + n ) = {0}. 



Proof : If X is a (formal or analytic) vector field on K 2i x K m we write X = 
X s + X s where X s is a vector field which only has components in the g|- and 
and, in the same way, X B only has components in the -J^-. Before computing the 
Poisson cohomology space, let us make the following two remarks : 

If [X s , IL3] = then X s = [/, II5] where / is a (formal or analytic) function on 
K 2l+m . Indeed, recalling that (because II5 is symplectic) the Poisson cohomology 
of (K 2/ ,IIs) is isomorphic to the de Rham cohomology of K 2 ' (see for instance 
12 ), the relation [X s , U s ] = may be translated as da = where a is a 1-form 
on IK depending (formally or analytically) on parameters 21, ... , z m . Then we can 
write a = df where / is a function on K 2 ' depending (formally or analytically) on 
parameters z\,...,z m . 

In the same way, if [X s , lis] = then, writing X s = ^2iXf(x,y,z)-£^-, we get 
= for all i. Thus, each Xf depends only on z. Indeed, here Xf may 
be seen as a function on IK 2 ' depending (formally or analytically) on parameters 
z\, . . . , z m such that dXf = 0. 

Now \i X = X s + X is a vector field on K 2/ x K m , it is easy to see that 
[X, Us + II B ] = is equivalent to the three equations 

(4.1) = [X s ,Tls] 

(4.2) = [X s , U B ] +[XB,n 5 ] 

(4.3) = [X«,H fl ] 

According to the first remark we made above, equation (|4.1|) gives X s — [/, lis] 
where / is a (formal or analytic) function on K 2/+m . Now, replacing X s by [/, lis] 
in (I4.2|l and using the graded Jacobi identity of the Schouten bracket, we get 

(4-4) [X»-[f,Il g },IL s ] =0. 
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Since X s — [/, II B ] is a vector field which only has component in Jj-, the second 
remark we made above gives 

(4.5) X° = [f,n B }+Y 

where Y is a vector field on K m (i.e. only has components in J| and whose co- 
efficients are functions of z). Finally, l|4.3[) gives [V, H ] = i.e. Y is a 1-cocycle 
for the Poisson cohomology of (K m ,II fl ). Since the Lie algebra g is semisimple, 
the Poisson cohomology space H 1 (K m ,II g ) is trivial (see for instance 4 ). We then 
obtain Y = [h, U g ] where h is a function on K m . 

To resume, we get 

(4.6) x = x s + = [/ + h, n s + n fl ] , 

which means that X is a 1-cobord for the Poisson cohomology of (K 21 x K m ,IIs + 

n B ). □ 



The second result is an analytic version of a smooth linearization theorem due 
to V. Ginzburg. In the Appendix of 0, he states that the G-action of a compact 
Lie group on a Poisson manifold (P, II) (everything is smooth here), fixing a point 
x of P and such that the Poisson structure is linearizeable at x, can be linearized 
by a diffeomorphism which preserves the Poisson structure. Here, we state the 
following : 

Proposition 4.2. Consider an analytic action of a compact (analytic) Lie group 
on (K™, II) (K is M orC), where H is an analytic Poisson structure on K™. Suppose 
that the action fix the origin and that the Poisson structure is linearizable at 0. 
Then, the action can be linearized by a Poisson diffeomorphim. 

Proof : The proof is the same as in the smooth case : we use Moser's path 
method. If g is an element of G, we put ip 9 the corresponding diffeomorphism of 
K™ and ip? in its linear part at 0. We construct a path of analytic actions of G on 
(K",II) given by the following diffeomorphisms : 

Lp 9 (tx)/t if < t < 1 

if t = o 

for any g in G and x in K". These actions preserve II and fix 0. We want now to 
show that there exists a path of diffeomorphisms ipt, with tp® — Id, preserving the 
Poisson structure II and such that 

(4-7) ipt ° ft ° iPt 1 = l fo= fli n , 

for all t £ [0, 1] and all g in G. 

Let Ct (g) be the time-depending vector field associated to tpf : 

(4-8) C t (gM(x)) = M( X ). 

Derivating the condition H4.7J1 . we are led to look for a time-depending vector 
field X t (corresponding to ipt) verifying 

(4-9) C t (g) = ^tX t -X t , 

for all t G [0, 1] and all g in G. 
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We put 

(4.10) X t = - [ <p^C t (h)dh, 

JG 

dh is a bi-invariant Haar measure on G such that the volume of G is 1. This vector 
field is analytic and depends smoothly on t. Moreover, since each Ct(h) preserves 
the Poisson structure II, so does X t . Finally, one can check that X t satisfies the 
condition (|4.9|) . □ 

Proof of Provosition T&l^ We denote by a the linear application from the Cartan 
subalgebra f) to I" defined by a(h) = (ai(h), . . . , a n (h)) for any h in f) and by W 
its image. We show that the subset of W formed by the elements 7 such that the 
^(7) (defined as in l|2.20[l replacing (a; , hi) by ji) do not satisfy the w-condition 
is of measure (in W). Since a is a linear surjection from f) to W, it will show 
Proposition 12. 61 

Note that if 7 £ K n satisfies the condition (which is a condition of type " Siege!" ) 

(4.11) (3c > 0) (VA G Z'|), s.t, I |A| - 1 + (7 , A) | > , 

where s > n, then 1^(7) satisfies the w-condition (|2.21() . We then show that the 
set of the j in W which do not satisfy the condition l|4.11|l is of measure in W. 

For any positive integer k and any positive real number c, if || || denotes the norm 
associated to ( , ) , we put 



w k = 


{7 € W 1 


\h\\<k} 


v c = 


{7 G I™ 


|(3AGZ») S .t ||A|-l + ( 7 , A)| <^} 


V = 


n c>0 v c 





Actually, we show here that W\ n V is of measure but the same technic works 
to prove that Wk H V is also of measure for each k. Therefore Ufc(W& n V) is of 
measure too, which proves the proposition. 

Now, for any A in Z™ we consider the affine subspace Va of W 1 formed by the 
vectors 7 such that (7 , A) = 1 — |A| and we put for c > 0, 

(4-12) V A , c = { 7 eIK" ; ||A|-l + ( 7 , A)| < } . 

This last set is like a tubular neighborhood of Va of thickness r|p . We look now at 
K\_ c = V\^ C C\W\. If it is not empty, it is a kind of "band" in W\ of thickness smaller 
than S'ylp- where S is a positive constant which only depends on the dimension of 
W (and on the metric). Therefore, we get 

(4.13) Vol{W x n V e ) < J2 Vol (Kx,c) < cS TTT7 • 



This latest sum converges (because s > n) and we then get Vol(W\ fl V) = 

yoZ(n c>0 iFi n v c ) - o. □ 
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Proof of Lemma \2. <SI a) The first inequality of l|2.24|) is obvious. To prove the 
second one, we use the Cauchy inequality 

SUP 26 n \f(z)\ 



\ax\ < 



for all A, which induces |a,\|//' A < ||/|| / 9(^-)' A '- The inequality follows. 
The point b) is obvious. 



\M>9 



a\x x then 




df 






dxj 


p' 



\\\>q 



|A|— 1 



A J (P \ 



Ekip |a| x^(9 



A|>g 



9 P' 



( 1 \V(2 d +l) 

When p — ( (2d)(2 d ) ) p > R > 0, q = 2 a + I and d > 1, each number 



\ . . / |A| 

-y-(^-) can be majored by 



2 a + l 



2 d + l (/ 1 vV^+D' 

i? ^(2d)(2«»)J ; 

It is easy to see that these numbers are smaller than 1, provided that d is large 
enough. □ 



Proof of Lemma \2.yi a) Since the sequence (rd) d decreases and converges to a 



positive real number R > 0, we have r c i > R for all d. We write — pd 
thus for d sufficiently large, we get rd — pd > ^r- 



Td- 



> 



cP ■ 



i^nfr) 2d+1 + 1 ] . Since the sequence (pd) d decreases 



b) We have p d - r d +i = Pd [l 
and converges to R > 0, we have p d > R > for all d. We then show that if d is 
sufficiently large, then 



R 



^d+l \ 2^+1 + 1 



V 2d+l / 



> 



1 

2^ 



We have (|gr) a<i+1 + 1 = e <d where 7 d = 2d+ \ +1 ln(^ffj-). By the ^-condition, the 
sequence (7d) d converges to and is negative for all d sufficiently large. Then, if e 
is a small positive real number (for instance e = 1/2), we have for all d sufficiently 



old 



large, 1 
(4.14) 

which gives 
(4.15) 



> —(1 — s)jd- We deduce that 



R{1 



R{1 



old 



)> 



') > -R(l-e) 



1 ri?(l 



MM) 

2 d+2 



■(ln(2 d+1 )-ln Wd+1 ) 
Therefore, for d sufficiently large, i?(l — e ld ) > 5^. 



□ 
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